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Rare Deadline Misses in Real-Time Systems

• Usual assumption: hard real-time constraints

• Rare deadline misses often acceptable

• Industrial safety standards

• IEC-61508
• ISO-26262

• Soft real-time systems

• Important criteria: probability of deadline miss

• Safe upper bound
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Task Model and Notation
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• CA

i ≥ CN
i

•
• P(CA

i ) + P(CN
i ) = 1

• Probabilities independent
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Probability of Deadline Miss
τ1 = (1, 6)

τ2 = (2, 9)

τ3 = (2, 12)

τ4 = (1, 19)

0 5 10 15 20 t

τ5 = (3, 22)

• Looking at lowest priority task

• Normally: TDA binary decision

• P(St > t)

for 0 < t ≤ Dk

• Probability of Deadline Miss: Φk = min0<t≤Dk
P(St > t)

• Upper bound: any subset of points in (0,Dk ]

• Convolution-based approach: enumerate the state space
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von der Brüggen et al. (TU Dortmund) 5 / 19



Convolution

C1
P1 =

(
3
0.9

5
0.1

)
⊗

(
5
0.8

6
0.2

)
= C2

P2

(
8

0.72
9

0.18
10
0.08

11
0.02

)

• State-of-the-art: job-wise convolution from 0 to Dk
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Performance: Job-Level Convolution
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Considering Time Points Individually

D1 = T1 = 8

τ1
C1
P1 =

(
3
0.9

5
0.1

)

D2 = T2 = 14

τ2
C2
P2 =

(
5
0.8

6
0.2

)

(
3
0.9

5
0.1

) (
5
0.8

6
0.2

) (
3
0.9

5
0.1

)

(
5
0.8

6
0.2

)(
3
0.9

5
0.1

)

(
0
1

)
(

3
0.9

)

(
5
0.1

)

(
8

0.72

)
(

9
0.18

)
(

10
0.08

)
(

11
0.02

)

(
6

0.81

)

(
8

0.09

)
(

8
0.09

)
(

10
0.01

)

(
8

0.09

)
(

8
0.09

)
(

8
0.18

)

(
11

0.648

)
(

13
0.072

)
(

12
0.162

)
(

14
0.018

)
(

13
0.072

)
(

14
0.018

)
(

16
0.002

)
(

15
0.008

)

(
13

0.072

)

(
13

0.072

)
(

11
0.648

)
(

12
0.162

)
(

13
0.144

)
(

14
0.036

)
(

15
0.008

)
(

16
0.002

)

(
13

0.144

)
(

14
0.036

)

t = 14
P(S14 > 14) = 0.01
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von der Brüggen et al. (TU Dortmund) 9 / 19



Considering Time Points Individually

D1 = T1 = 8

τ1
C1
P1 =

(
3
0.9

5
0.1

)

D2 = T2 = 14

τ2
C2
P2 =

(
5
0.8

6
0.2

)

(
3
0.9

5
0.1

)

(
5
0.8

6
0.2

) (
3
0.9

5
0.1

)

(
5
0.8

6
0.2

)(
3
0.9

5
0.1

)

(
0
1

)
(

3
0.9

)

(
5
0.1

)

(
8

0.72

)
(

9
0.18

)
(

10
0.08

)
(

11
0.02

)

(
6

0.81

)

(
8

0.09

)
(

8
0.09

)

(
10
0.01

)

(
8

0.09

)
(

8
0.09

)

(
8

0.18

)

(
11

0.648

)

(
13

0.072

)

(
12

0.162

)
(

14
0.018

)
(

13
0.072

)
(

14
0.018

)
(

16
0.002

)
(

15
0.008

)
(

13
0.072

)

(
13

0.072

)

(
11

0.648

)
(

12
0.162

)
(

13
0.144

)
(

14
0.036

)
(

15
0.008

)
(

16
0.002

)

(
13

0.144

)
(

14
0.036

)

t = 14
P(S14 > 14) = 0.01
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Equivalence Classes and Multinomial Distribution
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• Set of equivalence classes

• For one equivalence class:

• Execution time
• Number of paths
• Probability of each path

• Multinomial distribution

• Probability of each path:
Pi (1)`i,1 ·Pi (2)`i,2 · ... ·Pi (h)`i,h

• Number of paths:
ρi,t !

`i,1!`i,2!...`i,h!
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von der Brüggen et al. (TU Dortmund) 10 / 19



Equivalence Classes and Multinomial Distribution

D1 = T1 = 8

τ1
C1
P1 =

(
3
0.9

5
0.1

)

(
0
1

)

(
3
0.9

)

(
5
0.1

)

(
6

0.81

)

(
8

0.09

)

(
8

0.09

)

(
10
0.01

)

(
9

0.729

)

(
9

0.729

)

(
11

0.081

)
(

11
0.081

)

(
11

0.081

)
(

11
0.081

)

(
13

0.009

)

(
13

0.009

)
(

11
0.081

)(
11

0.081

)

(
13

0.009

)

(
13

0.009

)

(
15

0.001

)

(
15

0.001

)

(
13

0.009

)

(
13

0.009

)

t = 19
# CA

i jobs 0 1 2 3

Total Ci 9 11 13 15

Probability 0.729 0.243 0.027 0.001
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• Number of paths
• Probability of each path

• Multinomial distribution
• Probability of each path:

Pi (1)`i,1 ·Pi (2)`i,2 · ... ·Pi (h)`i,h

• Number of paths:
ρi,t !

`i,1!`i,2!...`i,h!
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Performance: Task-Level Convolution

3 4 5 6 7 8 9 10
Number of Tasks

0

100

200

300

400

500

600

A
ve

ra
ge

A
na

ly
si

s
R

un
ti

m
e

(s
ec

on
ds

)
Job-Level Convolution Task-Level Convolution
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State Space Pruning
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Performance: Job-Level Convolution with Pruning
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Evaluation: Setup

• Utilization: 70%

• Periods: UUniFast, 10ms-1000ms

• Pi (A) = 0.025, Pi (N) = 0.975

• For 5-20 tasks: 20 task sets

• For 25-35 tasks: 5 task sets

1 Pruning: multinomial-based task-level convolution with pruning

2 Unify: pruning and union of equivalence classes (max error 10−6)

3 Approx: only considering Dk and last release times

4 Analytical approach with Chernoff bounds (Chen and Chen)

5 Analytical approach with Hoeffding’s inequality (this paper)

6 Analytical approach with Bernstein inequalities (this paper)
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Evaluation: Runtime
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Evaluation: Precision
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von der Brüggen et al. (TU Dortmund) 18 / 19



Conclusion

• Probability of deadline miss important in system design

• For multiple execution times: no binary schedulability decision

• Job-level convolution not scalable (not more than 10 tasks)

• Idea: Task-level convolution
• Multinomial distribution
• Pruning improves runtime without precision loss
• Union improves runtime with bounded precision loss

• With pruning: approach scalable
• 75 tasks: average 621.6 sec per time point
• 100 tasks: average 791.1 sec per time point
• Easy parallelization

• Analytical bounds: Hoeffding ’s and Bernstein inequality

• Precision roughly proportional to runtime

Thank You!
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